Highlights of Calculus
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1 €,6 for Limits
Danger case:
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L’Hospital Rule:
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For any small e chosen, we can find § > 0, so that if | f(x)— f(a)| < €, then |f(z)— f(a)] <



2 Fundamental Theorem of Calculus
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Here, Az means two point difference in x, df means difference in function value caused by

the differenc in z. Az — 0 L2 REE ARSI H R,
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J”(xz) > 0 — convex function

f”(z) < 0 — concave function
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f/(x) — stationary point

f”(x) — inflection point
f'(z) = 0,andf”(x) > 0 — Local max
f'(x) =0,andf”(z) < 0 — Local min
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3 Derivatives of e*,sin x, cos x, x"

3.1 Exponential Function

Key: Which function’s derivatives are equal to the function itself?

d
ch = y — first differential equation
T

Construction:
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set x=0,e=1+1+4--=2.71828... — Euler’s Number
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1
e = (1 + W)N,WhenN — o0

% %t THYRIF T 055 M (Binomial Theorem).
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3.2 Trigonometric Function
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a2 +b? =c?
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AR FTIAN 2 cos 0 AbHY-FHL .

Asinz  sin(z + Ax) —sinz

Az Az
_ sinwz(cos Az — 1) . sin Ax cos
B Az Az
=cosx

P BB T35 cos O BIFH FHIANINIERIMBE ) cosz 11F4L

dcosx
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= —sinx

3.3 Product Rule, Quotient Rule, Derivaitives to Power Function
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Aarea = f(z)g(z + Az) — g(z)) + g(x)(f(x + Az — f(x))) + Az?

When Az — 0,

dq = f(x)dg + g(z)df
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4.1 Chain Rule

_df _dfdy
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4.2 Logarithmic Function
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4.3 Derivatives for Inz,sin”~ z,cos ' x

set

x

y=e¢e

r=Iny



Then

y=¢e" — eV =y

ey dlny =1, Wheree™¥ =y
dy
set
Yy =sinz
.1
r=sin "y
Then

. . —1
sinsin "y =1y

. dsinty
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cossin ~y- —— =1, Wherecossin "y =

Note that the sin™* y is an angle.

Give the dc%ﬁ without proof.

dcos ™y 1

Note that:

dcosly L dsin™* Yy

=0
dy dy
Where 6 + a = 7 is a constant.
Some other deritivites:
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Converion between different base.

log, |z| =

rzlna
_Inb log, b

log b= =
°8 Ina log a

a

5 Growth Rate and Logarithmic Plot
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Linear PolynomialExponential Factorial
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y=AX" — logy = log A 4+ nlog X, logarithmic plot
y = B10°" — logy = log B + Cx, semi-logarithmic plot

6 Linear Approximation/Newton’s Method

f(x) = fla) + f'(a)(x — a)

Flz)=0—z—a= Fla)

The core of Newton’s method is iteration.



7 Power Series/Euler’s Great Formula
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Geometrix series1 =1+4+z+2?+-+2"+.., Where0 < |z] <1
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Integrated from the above equation —In (1 —z) =z + §$2 + §£E3 + ... Where z < 1



8 Differential Equations

8.1 Differential Equations of Motion

Linear, and Second order equation.

d?y dy
—Z 4L 4+ ky=0
mdt2+ TdtJr Y
When m =0
d
di;:ayﬁyzce‘”
When r =0
d? k
7y:iy:_WQyﬁy:Ccoswt—f—Dsinwt
dt2  m

When m=r=20

d?y

General solutaion - Try y = e

mA+2rA+ K =0

Three Cases:

Y +6y +8y=0—y(t)=Ce 2 + De
y” + 6y + 10y = 0 — y(t) = Cel37)t 4 Del=3+0)t
Yy +6y +9=0—y(t) = Ce 3 + Dte™3
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8.2 Differential Equations of Growth

The growth rate proportional to itself.

dy _
dt
y(0) — Given start

y(t) = y(0)e

cy

Add source term:

d
d—?Z = cy + sWheresis source term
d(y +2) s
@ ST
s s
g 0 “\,ct
y+ - =0+ e

For Linear eq, the solutions to eq have form below

y<t) = yparticular (t) + yright side O(t)
Specially for % =cy+s

S

Yparticular — — .
particular c

— ct
Yset s =0 — Ae

Then

y:7§+AeCt
C

To find A, put t =0, y(0) =2+ A

c

Non-linear equation for population:
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To solve this equation, set y = % to turn this equation to linear equation.

Equation for predators and prey

du n

— = —CU Suv
dt

@ = CV Suv
dt

9 Six Functions, Six Rules, and Six Theorems

Six Functions
.’L'n+1 — xn
n+1
—cosx — sinx

sinx — cosx
1

ZefT s T

c

zlnr —x — Inx

Ramp Function

Six Rules

— (n—1)z™ 1
— COST
— —sinx

— ce®

1
— —power -1
T

df  dg

af(z) +bg(z) = a—> + b

dx dx
d df

f(@)g(x) = f(@) 5L + S (ga)

dr dx

df

fg(z)) =

dx 1

dx

df dy

dy dx

L’Hospitali = %Whenx —a, f(a),g(a) — 0
g —Z

dx

Six Theorems

¢ Fundamental Theorem of Calculus

e Mean Values Theorem
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o Taylors Series/Theorem

o Bionomial Theorem - Taylor at a = 0 — Pascal triangle

f(x):(l—i—x)p:l%—pm—f—%ﬂ—l—...
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